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tL! ZABETH J I fY'ORGAN) ANNE PENFOLD STREET AND J ENN I FER SEBBERRY \'!AlL! S 
In this note we use the theory of cyclotomy to help us construct initial blccks 
from which we can develop balanced and partially balanced incomplete block designs. Our 
main construction method, using unions of cyclotomic classes, gives us upper bounds on 
m, the number of associate classes of the design, but not exact values for m; we dis-
cuss the possible values of m and the circumstances under which m = 1, so that the design 
is in fact balanced. 
1. INTRODUCTION 
In this note we use the theory of cyclotomy to help us construct initial blocks 
from which we can develop balanced and partially balanced incomplete block designs (BIBD 
and PBIBD respectively). These initial blocks are usually either difference sets or 
supplementary difference sets (sds) in the additive group of a finite field. 
The theory of cyclotomy has been much used in the construction of difference 
sets and block designs. Consider the field GF[pnJ, where p is prime and n is a positive 
integer, such that 
n 
p = ef + 1, e ~ 2, f ~ 2. 
Let Co denote the set of e
th 
power residues, so that 
ae 
Co = {x I a = 0,1, ••• , f-l} 
where x is a primitive root of the field. The original results of Lehmer [4J showed 
that if Co or Co u {o} were a difference set in GF[pnJ, then e must be even and f odd. 
This result has motivated a great deal of work in the evaluation of cyclotomic numbers 
for e even; relatively little has been done for e odd. However some recent construc-
tions ([lOJ, [11, Lemmas 10 -15J) have led us to an interest in this case also. 
As far as possible, we follows the terminology and notation of Raghavarao [6J 
with respect to designs, of Storer [9J with respect to cyclotomy and difference sets 
and of J.S. Wallis [13, part 4J with respect to supplementary difference sets. However 
in Section 2 some specialised notation is defined and a few computational results are 
given. 
In Section 3, using two somewhat different methods, we construct several series 
of PBIBDs, by taking unions of cyclotomic classes as initial blocks. These construc-
tion methods give us upper bounds on m, the number of associate classes of the design, 
but not exact values for m. In Section 4, we discuss these values of m and in par-
ticular we consider under what circumstances m = 1, so that the design is in fact a 
BlBD. Finally in Section 5, we construct a series of Latin Square PBIBD(2)s, starting 
from one cyclotomic class in GF[p 2J. 
2. NOTATION AND BASIC COMPUTATIONAL RESULTS 
Let p n = a Sy+ 1, where p is an odd prime and n, a, S, yare pos it i ve integers 
with a,S,y ~ 2. Let el =as, fl =y, e2 =a, f2 = Sy. Let x be a primitive root of the 
field GF[pnJ and let Ci , Di denote the ith cyclotomic class of the field relative to 






i I a = 0,1, •.• ,Sy-l}, 
1 
aaS+il D. = {x a=O,l, ... ,y-l}, 
1 
13-1 
i=O,l, ••• ,a-l 
i = 0,1, •.. ,as-I. 
c. = 
1 
u D. . for each i. 
j=O Ja+l 






be a complete set of residues modulo a, where 0 ~ i
h 
~ el-l, 
for h = 0,1, ••• ,a-I. Define 
a-l 
B. = u Di +ja, 
J h=O h 
j=O,l, ... ,S-l 
and 
A. = {O}uB., 
J J 
j = 0,1, •.• , 13-1. 
Next we choose some integer t such that ° < t ~ a13, and t distinct integers 
a l ,a2 ,· •• ,at such that 0:: a l < a 2 < ••• < at ~ as-I. Define 
t 
E. = u Dah+ i , 1 h=l 
i = 0,1, ... ,a13-1 
and 
F. = {a} uE., 
1 1 
i = 0,1, ••• ,a13-1. 
In addition, we use the following notation as in [6J: 
A & B denotes the collection of all the elements of the sets A and B with multiplic-
ities preserved; 
A + B denotes the collection of non-zero sums a+b, with a E A, bE B, again with multi-
plicities preserved, and similarly A - B denotes the collection of non-zero differences; 
nA denotes the collection of n copies of A, so that 
nA = (n-l)A & A; 
n x A denotes the set {na I a E A}. 
We let the cyclotomic number (h,k) denote the number of ordered pairs s, t such 
that 
es+h 1 et+k 
x + = x 
where 0 ~ s, t ~ f-l, and x is a primitive root of GF[pn J , with pn = ef+ 1 as usual [9J. 
If there is any doubt as to which factorisation of pn-l we are using, we specify it 







Lemma 1. (i) If Sy is even~ then c. = -c. (or~ to be consistent~ c. = (-l)xC.)~ 
1 1 1 1 





& (0 ,j-l) C., 
j=O a ] 
a-l 
C. -c. = C. +C. = & (j-i k-i) C 
1 ] 1 ] k=O ' a k 
o ~ i, j, k ~O(-l. 
(ii) If Sy is odd~ then Ci = -Ci+(a/2)~ so that 
a-l 
C. = C. = & (j-i+(a/2),k) C. k' 1 ] k=O a 1+ 
a-l 
C. - C. = & (j-i+(a/2),k)aCi+k+(a/2)' ] 1 k=O 
o ~ i, j , k ~ a-l. 
(iii) If y is even~ then D. = -D.~ so that 
1 1 
as-l 
D. - D. = D. + D. = & (0, j-l) SD. 










D. - D. = D. + D. = & (j-i,k-i)"'8Dk' 
1 J 1 J k=O u. 
o ~ i, j, k ~ 0.8-1. 
(iv) If 8 is even~ y odd~ then 
D. - D. = 
1 J 
0.8-1 
& (j-i+(a8/2),k) 8Dk ., a +1 
k=O 
0.8-1 
D. - D. = 
J 1 & (j-i+(a8/2),k)aS
Dk+i+(aS/2)' 
k=O 
o ~ i, j, k ~ 0.8-1. 
Lemma 2. (i) If y is even~ then 




B. + B. = 
J J 





k.D .. , 
1 l+Ja 
(ii) If y is even~ then 
A. = -A. 
J J 
j = 0,1, ... ,13-1, 




LD .. , 
1 l+Ja J J J J J J J 










Q,. = k. , i "f iO,i1,···,ia _1 , 1 1 
Q,. = k. +2, i = i m' m = 0,1, ••• ,a-I. 1 1 
(iii) If S is even, y odd, then 
as-l 
B. - B. = & K. D •• , j=O,l, ••• ,S-l, 
J J 1 l+Ja i=O 
(iv) If S is even, y odd, then 
A. - A. 
J J 
= B.&B. (D/2)&(B.-B.) = 
J J+ a~ ] ] 
L. = K., 
1 1 
L. = K.+l, 
1 1 
j = 0,1, •.• ,(3-1, 
i = i
h 
+ ( a S / 2 ) , 
3. Let Sy be even. Then 
(i) E. - E. = 1 1 
(ii) F. - F. = 1 1 
as-l 
& d.D •. , 
] J+1 j=O 
as-l 
I d. = t(ty-l). 
j=O J 
as-l 
& 8. D. ., 









L. D •. , 
1 l+Ja 
h=O,l, ••• ,a-l, 
h=O,l, ••• ,a-l. 
We omit the proof of these Lemmas: Lemma 1 follm,s immediately from the 
definitions and basic properties of cyclotomic numbers as given in [9, pp.24-26]; 
Lemma 2(i) is proved in [10, §3(iv)] and is typical of the tedious but straight-
forward arithmetic required for the remaining proofs. 
3. CONSTRUCTION OF SOME PBIBDs 
We now use our sets A., B., E., F. to construct PBIBDs in the following ways, 
J J J J 
based on Sprott's generalisation [8J of a theorem of Bose and Nair ClJ. 
Theorem 1. The 8 sets A.~ j =0,1, ... ,8-1~ or the 8 sets B.~ j =0,1, ... ,8-1~ 
J J 
may be used as the initial blocks of a PBIBD(m)~ 'liJhere v = pn~ b = 8pn~ m ~ a~ and each 
associate class consists of a cyclotomic class ci or a union of such classes. The 
parameters of the design are given in the follo'IiJing table~ 'liJhich includes ni~ Ai and 
p~. 'liJhen m = a so that each cyclotomic class is an associate class. 
1J 
Initial Parity Parameters when m=a 
k r k 
'blocks conditions n. A. p .. 
1 1 lJ 
8-1 
(i) B. ay a8y y even 8y I k. . (j-i k-i) J j=O Ja+l ' a 
B-1 
(ii ) A. ay+l (ay+l)8 y even By I Q, • • (j-i k-i) J j=O Ja+l ' a 
B-1 
(iii) B. ay a8y 8 even, y odd 8y I K. • (k-j i-j) '" (k-i j -i) J j=O Ja+l 'a 'a 
8-1 
(iv) A. ay+l (ay+l)8 B even, y odd By I L. . (k-j i-j) = (k-i j -i) J j=O Ja+l 'a 'a 
Proof. The first series, with initial blocks B. and y even, is that construc-
J 
ted in [10]; the proofs for the other three series of designs are exactly similar, 
except for the verification that when 8 is even and y odd, we have the equality listed 
in the last column of the table. Using again the information given in [9, pp.24-26], 
we have 
(k-j,i-j)a = (-(j-k),(i-k)-(j-k»)a 
= (j-k,i-k)a = (i-k,j-k)a since 8y is even 
= (-(i-k),(j-k)-(i-k))a 
= (k-i j-i) , a' 
so that p~. = p~. and we indeed have a design. 
1J J 1 
We now generalize Theorem 1. 
Theorem 2. Let Sy be even. Then the 13 sets Eja, j = 0,1, ••. ,13-1, 01' the 13 
sets Fja, j =0,1, ••• ,13-1, may be used as the initial blocks of PBIBD(m) where v=pn, 
b = Bpn" m ~ a, and each associate class consists of a cyclotomic class ci 01' a union 
of such classes. The parameters of the design are given in the following table, which 




blocks n. l 
(i) E. 
]a 
ty tSy By 
(ii ) F. ty+l (ty+l)S Sy ]a 






L d. . 
j=O ]a+l 
13-1 




& d.D. k' 
j=O ]]+ 
m=a 
k p .. l] 
(k-j,i-j)a 
(k-j ,i-j ) a 
& d. = t (ty - 1). 
j=O ] 
Hence 
13-1 8-1 a8-1 
& (E. -E. ) = & & dkD. k 
j=O ]a ]a j=O k=O ]a+ 
as-l 13-1 
= & dk & D. k k=O j=O ]a+ 
a-l 
(13-1 ) = & L dk . Ck · k=O i=O +al 
Hence the properties of the first series follows from [8, Theorem 2.1J. 
The proof for (ii) is analogous. 
Now we note that, as in similar work of Sprott [8J and J.S. Wallis [12J, fur-
ther results can be obtained using the fact that 2 I (pn-l), and again when 4 I (pn_l). 
Theorem 3. Let Sy be even and let pn = 2aSy+l be a prime power. Then the 13 
sets E. , j = 0,1, ... ,13-1, or the 8 sets F]., j = 0,1, ••. ,13-1, may be used as the initial 
]a 
'bl;(!)oks of a PBIBD(m), where v = pn, b = Spn, m ~ a, and each associate class consists of 
a cyclotomic class 
aCl.+i 
C. = {x la=0,1, ... ,2By-l}, 
1 
i = 0,1, ••• ,CI.-l 
or a union of such classes. The parameters of the design are given in the following 
k 





(i) E. ty 
JCI. 


















I d. . 
i=o lCl.+J 
B-1 
I o. . 
- 1a+J 1-0 
m-l 
in (ii), I 
j=O 
when m=CI. 




A. = t ( ty+ 1 ) /2 • 
J 
Proof. This is similar to that of Theorem 2. 
Next we note that for e = 2 = CI., f = 2Sy, the cyclotomic array becomes 





L(p -1 )/4 
(P:-l )/41 
(p -l)/~ 
giving the following generalisation of [8, Theorem 3.1J. 
n 
Corollary. If p = 4By+l = v is a prime power and t ~ 4Sy is a positive integer~ 
then there exists a PBIBD(2) with parameters v = pn ~ b = 2tSyv, r = 2tSyk~ k = ty; 
y-l 
n l =n2 =2By, A1+A 2 = t(ty-l)/2 (with A. = I d2 .. , where dh was previously defined) J i=O 1+J 
and 
P 1 = [( v- 5 ) /4 
(v-l)/4 
{v-I )/4"1 , 
(v-l )/~ 
p2 = rV - l )/4 
L(V-l)/4 
4. NUMBERS OF ASSOCIATION CLASSES IN PBIBDs 
(V-l)/4l 
(v-5 )/J 
We now consider more fully the PBIBDs constructed from the initial blocks B. 
J 
in Theorem lei). So far, we know that each association class must be a union of com-
plete cyclotomic classes, Ci , with respect to e 2 = CI., and hence that m, the number of 
association classes, cannot exceed CI.. We are particularly interested in the case m=l, 
that is, in the conditions under which the design is balanced. 
The precise value of m depends on the prime power pn, and on certain sums of 
cyclotomic numbers for GF[pnJ with respect to e 1 =as. Since cyclotomic numbers are 
known only for certain small orders e, a full treatment of possible values of m for 
any prime power pn seems impossible at present. 
For any given pn = aSy+l, the number of possible different sets of initial 
blocks {Bo,B1, •.• ,Ba _l } must be Sa-I, from the conditions of the Theorem. However, 
often these different choices give rise to isomorphic PBIBDs, as will become obvious 
from our proofs. 
Lemma 4. Let pn = aSy+l" where p and a are both odd primes. In the notation 
of Theorem 1" if m = a-I" then we must have 
(0,1) = (0,2) = 
a a 
= (O,a-l) . 
a 
Proof. Since m = a-I, the association classes must consist of one cyclotomic 




for some s, t such that O~s<t~a-l. 
By Lemma lei), since Sy is even, we know that 







and hence by [8, Theorem 2.1J we must have (O,t-i) = (O,s-i) for every i, i = 0,1, ... ,a-I, 
a a 
i ., s, t. Since a is prime, this implies the Lemma. (Note that a similar argument will 
work for other values of a, provided that s-t is coprime to a. ) 
Corollary. If a = 3 and m = 2" then p == 2(mod 3) and n is even. If a = 5 and 
·m = 4" then p == 4(mod 5) and n is even. 
Proof. For e 2 = a = 3, the cyclotomic numbers are given by Storer [9, Array 3 




for i,j = 0,1,2, and A, B, C, D are defined by 
9A 
n 
- 8 + c, = P 
18B = 2pn - 4 - c - 9d, 
18C = 2pn - 4 - c + 9d, 
9D = pn + 1 + c, 
where 4pn = c 2+27d
2
, c == Hmod 3), is the proper representation of 4pn. By the Lemma ;~f 
n 2 if m = 2, then B = C, which means that d = ° and 4p = c. Hence n is even and p :::: 2(mod 3). 
Similarly, if a. = 5, the cyclotomic numbers are given by Whiteman [14, p .101J 
and the condition for m = 4- follows from his results. 
Lemma 5. In GF[p2n1, with e 1 = a.S = pn+l " fl = Y = pn -1" designs arising from 
Theorem 1 (i) are BIBDs (that is" m = 1) with parameters 




( ° , i ) = 0 for it-O • 
el 
(ii) For it-O, Di is the set of non-zero elements of an additive group 
. (but not a subfield) and 1 ¢ Di' Hence if g E Di , we know that g+l f. DO u Di , so that 
(iii) Suppose that g, hE (Di+l) n Dj • Then 
but since Di n Dj = ~, we must have g-h = ° or g = h. Hence 
= Y [9, Lemma 3(d)J, and since (i,O) 
el 
( i ,j ) e = 1 for i t- j, it-O • 
1 
= 0, we must have 
(iv) U Di l' where 
Ci-
is a complete set of residues modulo Ci, chosen from {O,l, ••• ,CiS-l}. Now 
From the first collection of terms in this expansion, we get (y-l) copies of Dih for 
h=O,l, ..• ,Ci-1. The second collection of terms consists of Ci(Ci-l)!2 collections of 
differences; Dih -DiR, consists of one copy each of Di for each i ~ i h or iQ, (by (ii) 
and (iii) above). Hence Di occurs (Y_l)+2{Ci(Ci
2
-n - (a-I)} times if i = i h , or Ci(Ci-l) 
times if i ~ i h • Since Bj = x
j 
x Bo, and since the set {io = 0,i 1 , ... ,ih } forms a com-
f .. (y_l)+2{a(Ci
2




(Ci-l)} . "" times, which reduces to A = Ciy-l, since as = y+2. ThlS completes 
the proof. 
Example 1. In GF[112] with 00=3, S = 4, y = 10, so that e
1 
= 11+1, f1 = 11-1, 
choose a == Hmod 3), b == 2 (mod 3), where ° ~ a, b ~ 11, and consider the set of initial 
blocks {Bj, j =0,1,2,3} where Bo=DoUDaUDb' in the notation of Theorem Hi). Then 
these blocks generate a BIBD with parameters (121,484,120,30,29). Note that the par-
ticular choice a = 4, b = 8 gives a design constructed by Sprott [7, Series AJ but that 
there are altogether 4 3- 1 = 16 different choices which will give equivalent designs. 
If the cyclotomic numbers of order e1 = as are known, then conditions on 
.pn = Ci8y+l and on the initial blocks {Bj} can be found, in order that m = 1. It will 




where k=O,l, ... ,Ci-l, and the cyclotomic numbers are with respect to e
1 
=as. 
Consider the case Ci = 2; one initial block will be BO = DO U Da where a = i1 
=- , (mod 2). Since y is even, Di = -Di, so that we may consider sums of classes. Now 
so that altogether 
S-l 
& (B.-B.) 
j =0 J J 
{ (0, i) + (0, i-a) + 2 (a, i)} D. , 
1 
S-l S-l 
= {y-l+2 L (a,2i)}C
o 
& {y-l+2.L (a,2i+l)}C 1 • 
i=O l=O 













For the cases a. = 2, 8 = 3,5,7 (e1 = 6,10,14), this condition can be worked out more 
explicitly using the results of Dickson [2J, Whiteman [14J and Muskat [5J respectively. 
We let B
8
(i,j) denote the Dickson-Hurwitz sums [14, p.97J for e = 8. Also a denotes an 
odd integer, so that Do U Da is one of the possible initial blocks. For 8 odd, DO U D8 
will always generate a BrBD, since it is simply the 8-residues of the field [7J. Note 
that we need not consider DO U Da and Do U De -a separately, because (i,j) = (e-i,j-i) and 
1 
this,together with the fact that a is odd, implies that 
and 
So for 8 odd we need only deal with a = 1,3, .•• ,8-2, and for 8 even, with a = 1,3, •.. ,8-1. 
Throughout this section, M is defined by xM::: 2 (mod p); M is taken modulo 8. 
By direct computation using the results of [2J, [5J and [14J, we find that for M 
;kCmod (3), m = 1 if and only if 
for (3 = 3,5,7. We have been unable to discover whether such an equation holds for 
larger values of B. 
(1 ) 
To indicate the way in which we proved (1), consider the case Ci = 2, B = 5,e1 = 10, 
a = 1, M == ] (mod 5). In orner to 'l;JV(- - ,,1" C' 
Since a = 1, this becomes 
(1,0) + (1,2) + (1,4) + (1,6) + (1,8) = (1,1) + (1,3) + (1,5) + (1,7) + (1,9). (2) 
The values of the cyclotomic numbers in [14J are expressed in terms of p, x, u, v, w, 
where 
xw = v 2 - 4uv - u 2 , 
x-I (mod 5). 
For instance, when M:: l{mod 5) we have 
200(1,6) n = 2p +2+x-25u-25v. 
Substituting these values in (2) reduces it to 
n n 
lOp - 10 + 75u + 25v - 125w = lOp - 10 - 75u - 25v + 125w 
or 
3u + v = 5w. 
Equivalently using equations (4.7) and the results of §6 of [14J, we find that 
(3 ) 
which is one particular case of (1). Considering each case in turn, we derive (1). 
Using equations (3), we may state the conditions equivalent to (1) for a = 2, 
S = 5 in terms of p, x, u, v, w. These are contained in Table 1. 
Table 1. 
a = 2, S = 5, e 1 = 10. 
mod 5 a = 1 a = 3 
M - 0 u + 2v = 0 2u = v 
M - 1 5w = 3u + v x = 2u + 4v + 5w 
M - 2 4u = x + 2v + 5w 3v = u + 5w 
M - 3 2v = x + 4u + 5w u = 3v + 5w 
M - 4 3u + v + 5w = 0 5w = x + 2u + 4v. 
Similarly for a = 2, 13 = 3, e 1 = 6, pn = A
2+3B 2 , we find that for M == 0, 1 or 
1 (mod 3), if m = 1, then 
B = O. 
Example 2. Let p = 421. By [3J, we find that M == l{mod 5). Also (x,u,v,w) = 
= (-19,8,1,5) and 3u+v = 5w. So Co u C1 will be one of the initial blocks for a BIBD 
with parameters (421, 2105, 420, 84, 83). 
If a=3, one initial block will be DOuDaUDb where a==l{mod 3), b::2(mod 3). 
A similar argument shows that, for m = 1, we must have 
M3 ,s(a,0) +M3 ,S(b,0) +M3 ,S(b-a,2) = M3 ,S(a,1) +M3 ,S(b,l) +M3 ,S(b-a,0) 
= M3 (a,2) + M3 S(b,2) + M3 S(b-a,l). , S , , 
Again we need not consider all possible values of a and b. To see this, we 
need the following result. 
Lemma 6. (i) If 13 is even~ then 
where k = 0,1, ••• ,~ -l~ and i~ i+l~ i+2 are taken modulo 3. 
(ii) If 13 is odd~ then 
M (3S+(3k+2) i) = 
3,13 2 ' 
M (
3S-(3k+2) . 2) 
3,13 2 ' l+ , 
where k = 1,3, ... ,13-4, S-2~ and 
M (3 S+(3k+l) i) = 
3,13 2 ' 
M (
3S-(3k+l) . 1) 
3,13 2 ,l+, 
where k = 0,2, ... ,13-3,13-1. In both cases i, i+l, i+2 are taken modulo 3. 
Proof. The result follows immediately from the fact that 
(i,j) = (e-i,j-i). 
Corollary. If Bo = Do U Da U Db~ a == l{mod 3)~ b:: 2(mod 3)~ as one initial block 
yields m = 1 in Theorem 1(i) ~ then so do the initial blocks Co U Cb- a U c3S-a and 
Co U C3S- b U C3S-(b-a)' 
Proof. The Corollary follows by considering the three expressions which are 
equal if Co U Ca U Cb yields m = 1, and then applying the Lemma. 
5. LATIN SQUARE DESIGNS FROM CYCLOTOMY 
Throughout this Sect ion, we let p be a prime and factor p+ 1 = as, where a, S ~ 2. 
We consider the field GF[p2] and the cyclotomic numbers with respect to a and as. 
Obviously p2 = as(p-l)+l = a¢+l, say, where ¢ = S (p-l). We let Co denote the a th power 
residues of the field, Ci the cyclotomic class xi x Co' Do the aSth power residues and 
Di the cyclotomic class xi x Do' where x is a generator of the multiplicative group of 
the field. Notice that 












DO is the set of non-zero elements of the sub-field of order p and each Di consists of 
the non-zero elements of an additive subgroup of the field. 
We have the following result. 
Theorem 4. The set Co may be used as the initiaZ bZock of an LS(p) PBIBD(2)J 
where b = p2 J r = k = ¢J and (since we have a Latin Square design) the remaining para-
meters are v=b, nI=¢' n2=(a-l)¢, Al =S2+(a-3)S-1= (0,0) ,A2=S(S-1)=(0,i) for a a 
i # 0, 
pI = fS2+(a-3 )ts- l 
.L(a-l )S( S-l) 
(a-l)S(S-l) J 
(I-a )S{ (I-a )S+l} 
and p2 = fS( S-l) 
lJ5{ (a-l )S-l} 
To prove the Theorem, we need one preliminary result. 
Lemma 6. The cycZotomic numbers with respect to as are as foZZows: 
(O,O)aS = p-2; 
(O,i)as = 0, i # 0; 
(as,O)aS = (as,as)aS = 0, s t- 0; 
(as,i)aS = 1, it-O or as. 
Proof. (i) DO = GF[p] \ {a}, so Do+l = GF[p] \ O}. Hence (O,O)aS =p-2 and 
(O,i)aS = ° for i # 0. 
(ii) D consists of the non-zero elements of an additive subgroup of 
as 
order p, and 1 f. D since 1 E Do. Suppose that y ED. Then y+ 1 f- DO u D ,so that 
as as as 
(as,O)aS = (as,as)aS = ° for s t- 0. 
(iii) Finally suppose that u,V E (D +1) n D •• 
as l 
Then u-v E {D n D. }u{O}, 
as l 
which implies that u-v = 0 and u = v. Hence (as,i)aS ~ 1. 
But by [9, Lemma 3(d)], we know that 
as-l 
I (as,i)aS = p-l, 
i=O 
and since (as,O)aS=(as,as)aS=O' we must have 
and 
(as,i) = 1 for each ito or as. 
Corollary. By the Lemma and (4) we have 
(0,0) = p-2+(S-2)(S-1) = S2+(a-3)S-1" 
a 
(O,i) = (i,O) = S(S-l), 
a a 
itO. 
Proof of the Theorem. 
(i) We begin by using the main Theorem of [8J to check the parameters of the 
design. Certainly if we let Co=Bo' the initial block, then Bo-Bo=Co-C o and, since 
Co = -Co' we have 
Now G-G = p 2G, where G denotes GF[p2], and 
G-C o = S(p-l)G = S(aS-2)G 
= (Co-Co) & ({C 1 u C2 U ••• U Ca_l}-C o ) & ({O}-C o ) 
= (S2+(a-3)S-1)C o & S(S-1){C 1 u C2 u ••• u Ca _l } 
& ({C 1 u C2 u ••• u Ca_l}-C O) & CO' 
Similarly G-{C 1 u C2 U ••• u Ca
_
l
} = (a-l)S(aS-2)G 
= (CO-{C 1 U C2 u ••• u Ca
_
l




- {C 1 u C2 u ••• u Ca_l})&({0}-{C 1 u C2 u ••• u Ca_l}) 
= (a-l)S(S-l)C
o 




({C 1 u C2 u ••• u Ca_l}-{C 1 u C2 u ••• u Ca_l})' 
Hence {C 1 U C2 U ••• U Ca_l}-{C 1 U C2 U ••• U Ca _l } = (l-a)S{(l-a)S+l}C o & [(a-l)2S2+S(3-2a)-l] -----------------
,J{C 1 U C2 u ••• U ca_lL 
So the existence of the PBIBD(2) with the given parameters follows by [8J. 
(ii) To complete the proof, we have to show that in fact we have a Latin 
square design. That the parameters are those of an LS(p) design follows from [6, 
p.l29J. 
The first associates of [O,OJ are the elements of CO; in general, the first 
associates of [i,jJ are the elements of CO+[i,jJ, where the elements of GF[p2J are 
denoted by [i,jJ, i,j = 0,1, .•. ,p-l. To show that we have a Latin square design, w.fi.. 
construct (S-2) mutually orthogonal Latin squares as follows. 
We write the elements of GF[p2J in a p xp array, with [O,oJ in the top left 
corner, the elements [O,lJ, [0,2J, •.• , [O,p-l] of DO across the top row, the elements 
[l,aJ, [2,2aJ, ••• , [p-l,(p-l)aJ of D down the left-most column and the elements a 
[i,iaJ+[O,jJ = [i,ia+jJ in the i,j position. Now for each s = 2,3, ••. ,6-1, let L be 
s 
the Latin square with al in the i,j position if and only if an element of D U {O} 
sa 
occupies the i,j position of the array, and ak in the i,j position if and only if al 
occupies the i,j-k+l position. For example, if p=7, and a=2, 6=4, then our array 
of elements of GF[7 2] is 
00 01 02 03 04 05 06 
14 15 16 10 11 @ 13 
21 22 23 @ 25 26 20 
35 @ 30 31 32 33 34 
42 43 44 45 lJr 40 @ 
56 50 51 52 ~i) 54 55 --
63 64 @ 66 60 61 62, 
where the elements of DO occupy the top row, those of D2 the left column, those of D4 
are underlined and those of D6 are circled. The corresponding Latin squares are then 
al a2 a3 a4 as a6 a7 
a 2 a3 a4 as a 6 a 7 a 1 
a3 a4 as a6 a7 al a2 
L2 = a4 as a6 a7 al a2 a3 
as a6 a7 al a2 a3 a4 
a6 a7 al a2 a3 a4 as 
a7 al a2 a3 a4 as a6 
and 
al a2 a3 a4 as a6 a7 
a3 a4 as a6 a7 al a2 
as a6 a7 al a2 a3 a4 
L3 = a7 al a2 a3 a4 as a6 
a2 a3 a4 as a6 a7 al 
a4 as a6 a7 al a2 a3 
a6 a7 al a2 a3 a4 as 
To check that these squares are mutually orthogonal, suppose that a occupies 
u 
the (i,j) and (k,2) positions of L and that a occupies the (i,j) and (k,2) positions 
s v 
of Lt' Without loss of generality, we may assume that u = 1, so that [i,ia+j] and 
[k,ka+2J both belong to D u {Ole Similarly al appears in the (i,j-t+l) and (k,2-t+l) as 
positions of Lt' so [i,ia+j-t+1J and [k,ka+2-t+1J both belong to Dat u {Ole But since 
D u {O} and D t U {O} are both subgroups, this means that as CL 
[i,ia+j] - [k,kaH] = [i-k,(i-k)a+j-2J 
= [i,ia+j-t+lJ - [k,ka+2-t+l] 
must belong to [D u {oJ] n [D t U {O}J and hence must be zero. That is, as a 
i-k = 0 and (i~k)a+j-2 = 0, 
so that i = k, j = 2 and Ls ' Lt are mutually orthogonal. 
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